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unipa.it (E. Napoli).Wall-resolved Large Eddy Simulation of fully developed turbulent channel ﬂows over two different rough
surfaces is performed to investigate on the effects of irregular 2D and 3D roughness on the turbulence.
The two geometries are obtained through the superimposition of sinusoidal functions having random
amplitudes and different wave lengths. In the 2D conﬁguration the irregular shape in the longitudinal
direction is replicated in the transverse one, while in the 3D case the sinusoidal functions are generated
both in streamwise and spanwise directions. Both channel walls are roughened in such a way as to obtain
surfaces with statistically equivalent roughness height, but different shapes. In order to compare the tur-
bulence properties over the two rough walls and to analyse the differences with a smooth wall, the sim-
ulations are performed at the same Reynolds number Res = 395. The same mean roughness height
h = 0.05d (d the half channel height) is used for the rough walls.
The roughness function obtained with the 3D roughness is larger than in the 2D case, although the two
walls share the same mean height. Thus, the considered irregular 3D roughness is more effective in
reducing the ﬂow velocity with respect to the 2D roughness, coherently with the literature results that
identiﬁed a clear dependence of the roughness function on the effective slope (see Napoli et al. (2008)),
higher in the generated 3D rough wall. The analysis of higher-order statistics shows that the effects of
the roughness, independently on its two- or three-dimensional shape, are mainly conﬁned in the inner
region, supporting the Townsend’s wall similarity hypothesis. The tendency towards the isotropization
is investigated through the ratio between the resolved Reynolds stress components, putting in light that
the 3D irregular rough wall induces an higher reduction of the anisotropy, with respect to the 2D case.
 2012 Elsevier Inc. All rights reserved.1. Introduction
Turbulent ﬂows over rough surfaces can be encountered in a
wide range of engineering applications. These include, but are
not limited to, meteorological ﬁelds, hydraulic pipes, open channel
ﬂows, currents around marine vehicles or aircrafts. Both experi-
mental and numerical researches were focused on the understand-
ing of the effects of the roughness on turbulent ﬂows. A recent
review of these analyses can be found in Jimenez (2004).
In the studies conducted herein, the roughness has been repre-
sented in very different ways, frequently using two- or three-
dimensional elements having identical geometry, arranged in regu-
lar or irregular patterns. Most analyses focused the attention on the
effects on the turbulent ﬂows of two-dimensional roughness
elements, regularly arranged over ﬂat plates (see, among others,
Djenidi et al. (1999), Leonardi et al. (2003), Ikeda and Durbinll rights reserved.
3
. De Marchis), enrico.napoli@(2007) and literature therein). Nevertheless, real roughness is char-
acterized by three-dimensional irregular geometry. Acharya et al.
(1986) pointed out that the effects of two-dimensional roughness
on the turbulent ﬂows can be very different from those over real
three-dimensional geometries, where the cavities between rough-
ness elements in the streamwise and spanwise directions have
strong inﬂuence. In their experiments the authors compared the ef-
fects of four rough walls: two surfaces representative of degraded
turbines, a sand-cast surface and a regular mesh screen rough sur-
face. The authors aimed at obtaining a statistical descriptor of the
rough surface, not involving the equivalent sand-grain roughness
parameter. Krogstad and Antonia (1999) carried out experimental
analyses comparing the effects of two distinct surface roughness
on the turbulent boundary layer. They considered a typical two-
dimensional rod roughness and a three-dimensional rough surface
made up by a woven stainless steel mesh screen. The two surfaces
were designed to produce the same downward shift of the mean
velocity proﬁles in the log region (the roughness function). The
experimental results put in light that analysis of only the mean
velocity proﬁles is inadequate to completely characterize the
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must be considered as well. The comparison between two-dimen-
sional and three-dimensional roughness showed very different ef-
fects on the turbulent ﬂows both in the inner and outer layers.
Later, Antonia and Krogstad (2001) conﬁrmed that different rough-
ness geometries, having the same roughness function, can produce
very different turbulence statistics. The authors, moreover, making
use of the Anisotropy Invariant Map (AIM) analysis, found that
three-dimensional roughness reduces the anisotropy, compared
to smooth walls, more than 2D rod bars. This conclusion was fur-
ther strengthened by Smalley et al. (2002), who compared the ef-
fects of 2D (square cavities and rod bars) and 3D (wire-mesh and
perforated plates) rough surfaces. Tachie et al. (2003) compared
the effects of sand grain and wire mesh roughness in a turbulent
open channel ﬂow. The comparison between the two rough sur-
faces and the smooth reference wall showed that both rough walls
enhance the turbulence intensities and the Reynolds shear stress in
the roughness sub-layer and in the outer layer. The authors ob-
served too that the regular wire mesh rough surface modiﬁes the
turbulence characteristics more than the sand grain roughness.
Laboratory experiments in similar rough geometries were per-
formed by Flack et al. (2005) and Schultz and Flack (2005), whose
results provided compelling support for the Townsend’s similarity
hypothesis (Townsend, 1976) for both the sand grain and the wire
mesh roughness. Bakken et al. (2005), comparing the effects of
square bars and perforated plates with those induced by mesh
geometry, found that in the outer layer the roughness effect is
small, further supporting the Townsend’s wall similarity hypothe-
sis. They concluded that the hypothesis can be contradicted in
channels roughened on one side only, due to the asymmetry in
the boundary conditions, while it holds in symmetric channels.
More recently, Shah et al. (2008) compared the effects of two-
dimensional (transverse square bars) and three-dimensional (wire
mesh) roughness, through the particle image velocimetry (PIV)
technique. The authors found that wiremesh (in the transitional re-
gime) effects are conﬁned to the buffer region, while the rib rough-
ness (in fully rough regime) effects extend to the entire boundary
layer. They attributed this result to the high ratio between the
boundary layer thickness and the equivalent sand grain roughness
ks.
In the literature cited above, wall roughness was reproduced
through 2D or 3D idealized regularly arranged elements. The natu-
ral wall corrugations of environmental and industrial ﬂows, on the
other side, are generally characterized by irregular geometries,
with crests and troughs of random height. Nikuradse (1933) and
Colebrook (1939), in their experiments, already observed that the
effects of real roughness on the turbulence can be very different
from those of regular elements. Most studies on the real roughness
effects on turbulent ﬂows were conducted through experimental
analyses. Bons et al. (2001) and Bons (2002) performed experimen-
tal measurements over a number of in-service turbine blades and
vanes, showing that the degradation mechanisms strongly modify
the skin friction and heat transfer coefﬁcients in a different way as
compared to ordered arrays of roughness elements. Further studies
on the irregular surfaces of in-service gas turbine blades performed
by Subramanian et al. (2004) showed that roughness increases the
turbulence intensity in the inner layer, with a corresponding
tendency toward isotropization. In spite of this, no roughness
effect on the outer layer structure of the boundary layer was ob-
served in their experiments. Wu and Christensen (2006) analyzed,
through experimental investigation, a rough surface replicated
from a surface scan of a damaged turbine blade. In-service turbine
blades, in fact, are subjected to deposition of foreign material, pit-
ting and spallation that produce non-uniform three-dimensional
irregular surface conditions. The authors observed a dramatical in-
crease of the Reynolds stress in the inner layer, as compared to thesmooth-wall case, and attributed this change to the increase of in-
tense ejections and sweeps. The analysis of their results conﬁrmed
the wall similarity hypothesis of Townsend. Successively, Wu and
Christensen (2007) analyzed through PIV technique a highly irreg-
ular rough surface, quite different from the idealized geometries
normally studied in the laboratory experiments. The comparison
of the ﬁrst- and second-order statistics and of the two-point auto-
correlation in smooth and rough surfaces showed that intense dif-
ferences occur in the roughness sub-layer, while a collapse of the
turbulence statistics in the outer region was veriﬁed. Similar re-
sults were obtained by Connelly et al. (2006) in their experiments
of turbulent ﬂows over several rough surfaces consisting of wet-
dry sandpaper and wire mesh of different heights. Recently, Birch
and Morrison (2011) carried out a series of experimental investiga-
tions in fully developed turbulent channel ﬂows, comparing the ef-
fects of a smooth surface and two irregular rough surfaces,
obtained using an isotropic grit and an uniform mesh of rectangu-
lar elements arranged in a diamond pattern. The authors focused
the attention on the distinction between the self- and outer-
similarities, through the analysis of the streamwise velocity
component.
Very few studies of three-dimensional rough surfaces have been
performed through numerical simulations. This can be mainly
attributed to the difﬁculty in obtaining a detailed representation
of a complex surface with computational grids. To the best knowl-
edge of the authors, the few numerical analyses of turbulent ﬂows
over 3D rough surfaces were conducted only over regular rough
geometries. Direct Numerical Simulation (DNS) of the turbulent
ﬂow over an idealized gravel bed generated with spheres of uni-
form size was performed by Singh et al. (2007), where the fully
rough regime was considered. The simulation conﬁrmed the wall
similarity hypothesis. A similar 3D regular roughness was analyzed
by Bhaganagar et al. (2006) that, simulating the effects of three
rough surfaces having the same shape and different mean heights,
argued that the region where inner- and outer-layer interactions
occur may be affected by the size of the roughness elements. 3D
roughness was also simulated by Coceal et al. (2006), who used
regular arrays of urban-like, cubical obstacles of identical height
over a ﬂat plane. The analysis, carried out with the DNS technique,
conﬁrmed the need to consider three-dimensional rough surfaces
to obtain realistic behaviors. Two-dimensional representations, in
fact, may hide important ﬂow structures, which could develop
around three-dimensional elements. Analogous results were ob-
tained by Bhaganagar and Hsu (2009), that performed a DNS to
compare the effects of two- and three-dimensional ripples in tur-
bulent channel ﬂows. They found that the turbulence characteris-
tics depend on the two- or three-dimensionality of the ripples,
conﬁrming the importance of further investigate the effects of
three-dimensional roughness. Leonardi and Castro (2010) carried
out a Direct Numerical Simulation of the channel ﬂow over rough
walls comprising staggered arrays of cubes, considering various
plan area densities. The authors found that increasing the density
of three-dimensional roughness elements leads to the decrease of
the normalized vertical stresses around the top of the elements,
in contrast to the observation made on two-dimensional rough-
ness. Furthermore, they found that, for three-dimensional rough-
ness, turbulence stresses in the outer layer are quite similar.
Volino et al. (2009) attributed the difference between the effects
of regular 2D and 3D roughness on the turbulence to the fact that
the largest scale motions generated by three-dimensional rough-
ness are of the order of the roughness height, while two-dimen-
sional roughness may generate much larger scales of motion, due
to the width of the roughness elements. This result was recently
conﬁrmed by Volino et al. (2011), where a direct comparison be-
tween two-dimensional transverse bars and three-dimensional
transverse rows of staggered cubes was carried out. Lee et al.
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effects, as compared to smooth walls, of two-dimensional rod-
roughness and three-dimensional regularly arrayed cubes. The
authors found that 3D rough surfaces cause a weaker effect than
2D wall roughness on the streamwise velocity. Xie et al. (2008) car-
ried out a Large Eddy Simulation (LES) of the turbulent ﬂow over
random urban-like obstacles. The comparison with uniform ur-
ban-like roughness conﬁrmed that the ﬂow ﬁeld over random
irregular elements is quite different from that over regular rough-
ness and that the ﬂow over isolated obstacles cannot be represen-
tative of the features of turbulent ﬂows over real rough surfaces.
As it was pointed out, in the numerical researches above ana-
lyzed only regular roughness elements were considered. Irregular
rough walls ware studied by Napoli et al. (2008) and more recently
by De Marchis et al. (2010) (hereafter referred to as DNA10), using
the LES technique. The authors analyzed the modiﬁcation of turbu-
lence statistics and instantaneous structures in archetypal 2D
irregular rough walls generated through superimposition of
sinusoidal functions with random amplitudes. All the turbulent re-
gimes were investigated. The results conﬁrmed that the roughness
dramatically modiﬁes the turbulence in the roughness sub-layer,
while the outer layer is unaffected by the speciﬁc wall conﬁgura-
tion, irrespective of the roughness height.
The scope of the present research is to provide further insight
into the effects of three-dimensional irregular rough walls on tur-
bulent ﬂows. Speciﬁcally, the effects of a two-dimensional irregu-
lar rough wall analyzed by DNA10 is compared with those of an
equivalent irregular three-dimensional rough surface. The interac-
tion between the inner and outer layers is also investigated, to
check the validity of the Townsend’s wall similarity hypothesis in
turbulent ﬂows over irregular rough surfaces.
The paper is organized as follows. Section 2 contains a descrip-
tion of the physical problem under investigation, the mathematical
formulation herein employed and some details on the numerical
method. Results are discussed in Section 3 and conclusions are
drawn in Section 4.2. Numerical approach
2.1. Mathematical formulation and numerical procedure
The turbulent channel ﬂow is resolved using the Large Eddy
Simulation approach, based on the numerical solution of the ﬁl-
tered Navier–Stokes equations. In the conventional summation ap-
proach, the ﬁltered Navier–Stokes and continuity equations for
incompressible ﬂuids, read:
@ui
@t
þ @uiuj
@xj
 1
Res
@2ui
@xj@xj
þ @p
@xi
þ @sij
@xj
þP di1 ¼ 0 ð1Þ
and
@ui
@xi
¼ 0 ð2Þ
where the variables are made non-dimensional with the friction
velocity u⁄ and the channel half-width d, xi is the ith coordinate (with
x1, x2 and x3 the streamwise, spanwise and wall-normal directions,
respectively), t is the time, ui is the ith component of the ﬁltered
velocity ﬁeld, p is the ﬁltered pressure ﬁeld in kinematic units (i.e.,
divided by the ﬂuid density), sij ¼ uiuj  ui uj is the sub-grid scale
turbulent stress tensor, Res = u⁄d/m is the frictional Reynolds number,
P is the imposed non-dimensional pressure gradient to drive the
ﬂow and dij is the Kronecker function (dij = 1 for i = j, dij = 0 for
i– j). In statistically steady-state conditions, the equilibrium be-
tween the imposed pressure gradient and the sum sups;d þ sdowns;d ofthe streamwise components of the lower- and upper-wall stresses
holds. Speciﬁcally, it is
Pd ¼
sups;d þ sdowns;d
2d
¼ ss;d
d
;
where ss;d ¼ sups;d þ sdowns;d
 
=2 is the average wall stress, which is cal-
culated as
ss;d ¼ 12A
Z
A
l @us;d
@n
t  s pdn  s
 
dA ð3Þ
where A is the sumof the upper and lowerwall surfaces, us is the tan-
gential velocity component, t and n are the tangential and normal
unit vectors to the wall surface element dA and s is the streamwise
direction vector. Since the equations are made non-dimensional
with the friction velocity u ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃss;d=qp and the half-channel width
d, it is alwaysP = 1. In the Eqs. (1) and (2), the symbol ðÞ denotes ﬁl-
tered quantities. In statistically steady-state conditions, the equilib-
rium between the imposed pressure gradient and the overall
streamwise components of the lower- and upper-wall stresses holds
(for details, see DNA10). The subgrid-scale (SGS) stress tensor sij is
modeled using the Dynamic Mixed Model (DMM) of Zang et al.
(1993):
sij ¼ ðuiuj  uiujÞ  2CD2jSjSij ð4Þ
where uiuj  uiuj is the modiﬁed Leonard term, C is the dynamic
Smagorinsky closure coefﬁcient, D is the ﬁlter width (with D the
cube root of the cell volumes), Sij is the resolved strain-rate tensor
and jSj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2SijSij
q
.
The momentum and continuity Eqs. (1) and (2) are resolved
using the ﬁnite-volume numerical code PANORMUS (PArallel
Numerical Open-souRce Model for Unsteady ﬂow Simulations)
(Napoli, 2011), which is second-order accurate both in time and
space. The numerical model uses the explicit Adams–Bashforth
method for the time advancement of the solution, while the frac-
tional-step technique is used to overcome the pressure–velocity
decoupling, in conjunction with the multigrid accelerator V-cycle
(further details on the numerical procedure can be found in Lipari
and Napoli (2008)). The numerical model was extensively and
favorably validated over a wide range of cases (Ciofﬁ et al., 2005,
Jozsa et al., 2007, De Marchis and Napoli, 2008, De Marchis et al.,
2010, 2012). A discussion on the performed validation tests in tur-
bulent channel ﬂows is reported in Napoli et al. (2008).
The numerical simulations are performed using curvilinear
structured boundary-ﬁtted grids. Periodic boundary conditions
are imposed in both the streamwise and spanwise directions, while
the no-slip condition is enforced at the rough walls.
2.2. Rough geometry and numerical parameters
Two irregular rough surfaces are considered. The ﬁrst one, as re-
ported in DNA10, is obtained through the superimposition on a ﬂat
plane of sinusoidal functions with random amplitudes, as:
rðx1Þ ¼
Xn1
i¼1
Ai sin
2ipx1
Lx1=2
 
; ð5Þ
where r(x1) is the wall distance from the ﬂat reference surface, Lx1 is
the channel length, n1 is the number of sinusoidal functions, Ai and
Lx1=2i are the amplitude and the wave-length of the i-th function in
the streamwise direction, respectively. The roughness in this test
case is two-dimensional, since the element heights depend on the
x1 coordinate only.
On the other hand, the second irregular rough surface is typi-
cally 3D and is obtained through the product of the superimposi-
tion of sinusoidal functions in the streamwise and spanwise
directions, as:
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Xn1
i¼1
Ai sin 2ipx1Lx1 =2
 
:
Xn2
j¼1
Bj sin 2jpx2Lx2 =2
 
; ð6Þ
where r(x1,x2) is the wall distance from the ﬂat reference surface, Lx2
is the channel width, n2 is the number of sinusoidal functions in the
spanwise direction, Bj and Lx2=2j are the random amplitude and
wave-length of the jth function in the spanwise direction,
respectively.
The amplitudes Ai and Bj with i = j = 1 are set equal to 1, while
those of the higher wave-number functions are randomly gener-
ated in the range [0–1]. For both rough surfaces the sum of the
sinusoidal functions is scaled in order to obtain the same values
of the non-dimensional averaged absolute deviation rðx1Þ and
rðx1; x2Þ. which can be calculated as:
rðx1Þ ¼ 1d
1
Lx1
Z
Lx1
jrðx1Þjdx1 ð7Þ
and
rðx1; x2Þ ¼ 1d
1
Lx1Lx2
Z
Lx1 Lx2
jrðx1; x2Þjdx1dx2 ð8Þ
In the present study, the 2D irregular rough surface is the case
C6 analyzed in DNA10, having an absolute non-dimensional devia-
tion rðx1Þ ¼ 0:05. As demonstrated in DNA10, at the steady-state
the fully rough regime is achieved. As discussed above, the same
absolute deviation is imposed to the 3D rough wall. A similar pro-
cedure to generate rough surfaces was employed by Bhaganagar
and Hsu (2009), who studied the effects of 2D and 3D ripples.
In Fig. 1a 3D representation of the rough walls is shown for both
the 2D and 3D test cases. As can be seen, both upper and lower sur-(a)
(b)
Fig. 1. 3D plot of the channel domains. (a) 2D irrefaces are roughened through the superimposition of the sinusoidal
functions. Since the amplitudes of the sinusoidal functions are gen-
erated randomly, the upper and lower surfaces are not identical. As
in DNA10, the numerical simulations for the 2D and 3D irregular
rough surfaces are carried out at Res = u⁄d/m = 395. The choice to
maintain a relatively low Reynolds number, in comparison with re-
cent researches were higher values were analyzed (Scotti, 2006), is
due to the increase in the computational costs caused by the irreg-
ularity of the wall in both directions, requiring a very high grid res-
olution in both the streamwise and spanwise directions. In DNA10
(2D rough case), in order to resolve the turbulence structures dis-
rupted by the roughness elements, a relatively ﬁne grid was used
made of 256  64  64 cells in the streamwise, spanwise and
wall-normal directions, respectively. The domain length was 4p
and p in the streamwise and spanwise directions, with grid points
uniformly distributed in both the directions, with cell sizes
Dxþ1 ¼ Dxþ2 ¼ 19 wall units. The same grid resolution was used for
the smooth-wall case. In the simulations conducted over the
three-dimensional irregular rough walls, the same domain dimen-
sion has been considered but the grid has been further reﬁned in
the spanwise direction, in order to better reproduce the irregular-
ity introduced by the superimposition of sinusoidal functions in
that direction too. Thus, the domain has been subdivided into
256  128  64 cells in the streamwise, spanwise and wall-normal
directions, respectively, resulting in the spanwise grid spacing of
Dxþ2 ¼ 9:5 wall units. In both cases, in the vertical direction a
hyperbolic function was used to obtain a non-uniform mesh spac-
ing with a reﬁnement close to the upper and lower walls. The ﬁrst
calculus point was placed at a distance lower than one wall unit
from the rough surfaces, while the cell size increased toward the
channel centerline, with a maximum grid spacing of about 30 wall
units. In Table 1 the geometrical data of the roughness are summa-
rized, while the data on the domain size and mesh resolution aregular roughness; (b) 3D irregular roughness.
Table 1
Geometrical parameter of the rough walls. r and rþ: average absolute deviations of
the heights of the rough walls made non-dimensional with the channel half-width d
and the wall units, respectively. Similarly, hrms and h
þ
rms are the root mean squares of
the wall oscillations, ks and k
þ
s are the equivalent sand-grain roughness (obtained
through the matching with the logarithmic wall-law), while hmax and h
þ
max are the
highest roughness peaks. The values of the effective roughness ES, as deﬁned in Napoli
et al. (2008) is also reported.
Case r rþ hrms hþrms ks k
þ
s hmax h
þ
max ES
2D 0.05 19.75 0.06 23.70 0.20 79.0 0.14 55.30 0.206
3D 0.05 19.75 0.07 27.70 0.36 142.2 0.37 146.15 0.239
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statistical time convergence was achieved, as demonstrated by the
linear pattern of the total shear stress. In order to verify that the
domain is long enough to reproduce the turbulence structures,
two-point correlations have been analyzed both in the streamwise
and spanwise directions, which are plotted at xþ3 ¼ 15 in the Figs. 2
and 3. In both directions all the correlations fall-off to null values at
a distance lower than half domain. This result ensures that the do-
main size and resolution are sufﬁcient to correctly resolve the tur-
bulence structures. In Fig. 3a and c the proﬁles present a somewhat
non-smooth pattern with some cusps within the ﬁrst 100 wall
units. This is due to the resolution of the grid (19 wall units in
the spanwise direction) and to the rapid proﬁle changes, assuming
negative peaks at distances of some tenths of wall units. Neverthe-
less, it is worthwhile pointing out that the spanwise grid resolution
is coherent with the observation of Piomelli and Balaras (2002),
who suggested to use the grid spacing of 20 wall units in the span-
wise direction in resolved LESs.
3. Results and discussion
3.1. Mean velocity proﬁles
One of the main effect of the wall roughness on the turbulent
ﬂows is the reduction of the streamwise velocity with respect to
smooth-wall conditions. In the log-region, at sufﬁcient distance
from the roughness elements, the streamwise velocity proﬁle can
be written as:
U
u
¼ 1
k
lnðyþÞ þ Cs  DUþ ð9Þ
where U is the time-averaged streamwise velocity, y+ is the non-
dimensional wall-normal distance, k is the von Kármán constant,
Cs is the additive constant (equal to about 5.5 for channel ﬂows)
and DU+ is the roughness function. The value of the additive constant
Cs = 5.5 is used in Eq. (9), coherently with some literature ﬁndings
(see among others, Bhaganagar et al. (2006), Orlandi et al. (2006),
Bhaganagar and Hsu (2009)), which was obtained through the com-
parison of the smooth-wall numerical results with the logarithmic
proﬁles U+ = (1/j)log(y+) + Cs with different Cs values. As discussed
by Kim et al. (1987), higher value of Cs with respect to the fre-
quently achieved 5.0 value, can be considered, in turbulent channel
ﬂows, a low-Reynolds number effect. DU+ is representative of the
shift of the velocity proﬁle in the vertical direction due to the in-
crease of resistance induced by the wall irregularities with respectTable 2
Domain size and mesh resolution.
Case Res Lx1 =d Lx2 =d Lx3 =d ðNx1 ;Nx2 ;Nx3 Þ Dxþ1 Dxþ2 Dxþ3;min
Smooth 395 2p p 2 128, 64, 64 19 19 1.6
2D 395 4p p 2 256, 64, 64 19 19 1.6
3D 395 4p p 2 256, 128, 64 19 9.5 1.6to smooth wall. The roughness function can be expressed as a func-
tion of the sand-grain roughness kþs , as suggested by Hama (1954):
DUþ ¼ 1
k
ln kþs
	 
þ Cs  B ð10Þ
with B a constant equal to 8.5.
The non-dimensional numerical mean velocity proﬁles for two-
and three-dimensional roughness are shown in Fig. 4. In the ﬁgure
the non-dimensional wall distance y+ is measured from the ﬂat ref-
erence plane to which the sinusoidal functions are superimposed
to generate the wall roughness (see Fig. 5). As discussed by Jackson
(1981), y+ should be measured from the plane at which the total
drag acts, frequently referred as ‘‘zero-plane displacement’’ and
obtained through a procedure based on the theorem of the center
of pressure. Nevertheless, when the position of this plane is calcu-
lated according to the deﬁnition and the procedure of Jackson
(1981), it has been demonstrated that the best log-law ﬁt requires
a value of the Kármán’s coefﬁcient k signiﬁcantly lower than the
classical value of 0.41 (Leonardi and Castro, 2010). Thus, several
authors (see Cheng and Castro (2002), Flack and Schultz (2010)
and literature therein reported) obtain the zero-plane displace-
ment by optimizing the ﬁt of the spatially averaged mean velocity
to the log-linear proﬁle, assuming k = 0.41 and using the appropri-
ate u⁄ given by the calculated wall stress. Here, the same optimiz-
ing procedure is used, resulting in the identiﬁcation of the zero-
plane with the ﬂat reference plane indicated in Fig. 5.
In order to quantify the overall effect of the wall irregularities,
the velocities are averaged in time and in the x1x2-planes. More-
over, due to the small differences between the lower and the upper
walls, the statistics are symmetrically averaged with respect to the
mid-plane of the channel. In the following, the symbol <> indicates
variables averaged in time and in x1x2-planes, while the symbol
<>t will be used to indicate averaging in time only. In Fig. 4 the
analytical proﬁles of equations Uþ ¼ ð1=jÞlog yþ=kþs
	 
þ 8:5 with
kþs ¼ 70 (dividing the transitionally from the fully rough regime)
is plotted too. The ﬁgure shows that in both numerical test cases
the fully rough regime is achieved. Despite the two-dimensional
and three-dimensional rough walls are characterized by the same
value of rþ ( 20), the roughness function obtained with the 3D
roughness is signiﬁcantly higher than in the 2D case (DU+ = 9.1
for the 3D case and DU+ = 7.6 for the 2D one). This indicates that
the effects of 3D roughness on the mean velocities are higher than
those of 2D roughness, at least for the irregular pattern here ana-
lyzed. This result is in contrast with the recent ﬁndings of Lee
et al. (2011) who, comparing the effect of a 3D cube-roughened
wall on the turbulent ﬂow with those of a 2D rod-roughened wall,
obtained an higher downward shift of the velocity proﬁle with the
2D rough elements. The difference can be probably due to the spe-
ciﬁc conﬁguration of the 3D rough wall considered by Lee et al.
(2011), which was generated through cube blocks periodically ar-
ranged over a ﬂat plate. This cube arrangement, in fact, creates
channels between the rough-cubes, thus reducing the ﬂow
impingement. On the other hand, the results here shown are con-
sistent with those obtained by Bhaganagar and Hsu (2009) in their
analysis of 2D and 3D ripples. The agreement of our results with
those obtained over wavy roughness and the misalignment with
those over walls roughened through the periodical arrangement
of regular sharp-edge elements can be also attributed to the shape
of the roughness elements, producing different effects on the tur-
bulent ﬂow. This result is coherent with the analysis carried out
by Schultz and Flack (2009) who identiﬁed, on the basis of the
effective slope (ES), the waviness and the roughness ﬂow regimes,
with the latter occurring for the highest values of ES typical of
sharp-edge rough geometries.
The different values of the roughness function obtained with
the two rough surfaces, characterized by the same value of the
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Fig. 2. Streamwise two-point correlation at xþ3 ¼ 15: -, smooth wall; -N-, 2D roughness; -j-, 3D roughness. (a) Velocity streamwise component; (b) velocity spanwise
component; (c) velocity wall-normal component.
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Fig. 4. Mean velocity proﬁles for the analyzed cases: --, 3D hydraulically smooth
case; -N-, 2D rough wall; -j-, 3D rough wall. Continuous line, smooth wall case;
dot-dash line, limit of the fully rough wall: hUþ1 i ¼ ð1=jÞlog yþ=kþs
	 
þ 8:5 with
kþs ¼ 70.
Fig. 5. Sketch of the irregular rough wall, with indication of the ﬂat reference plane
and the displacement height d.
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cannot be considered a suitable geometric index to fully character-
ize the irregular roughness. As demonstrated by Napoli et al.
(2008) and Schultz and Flack (2009) (and literature therein), the
key geometric parameter representative of the wall roughness
should take into account the density of the roughness elements
too. Speciﬁcally, Napoli et al. (2008) introduced the Effective Slope
(ES) to characterize the behavior of irregular rough walls, which
was later veriﬁed by Schultz and Flack (2009) over regular three-
dimensional roughness. The two geometries here considered sharethe same mean amplitude r+ but are characterized by slightly dif-
ferent values of ES. The value of ES for the three-dimensional rough
wall, in fact, as reported in Table 1, is equal to 0.239, while the
effective slope for the two-dimensional roughness is 0.206. The
higher value of ES for the 3D roughness thus can explain the in-
crease of the roughness function since, as it is seen in Fig. 4, in
the considered range of ES values the roughness function is quite
sensitive to the changes in the effective slope (while for values lar-
ger than ’0.4 no clear dependence of DU+ on ES can be identiﬁed).
Nevertheless, since the difference between the considered values
of ES is not very high (less than 20%), the obtained result could
Fig. 7. Inner layer scaling of the mean velocity defect: continuous line, smooth wall
case; --, numerical results in the hydraulically smooth case; -N-, numerical results
with 2D roughness; -j-; numerical results with 3D roughness.
Fig. 8. Outer layer scaling of the mean velocity defect. Symbols as in Fig. 7.
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roughness case with respect to the 2D one (as reported in Table
1, in fact, the 3D highest roughness peak is about three times larger
than the 2D peak). In fact, as recently pointed out by Xie et al.
(2008), the tallest elements can dominate the local turbulence,
with effects on the spatially-averaged proﬁles too.
In Fig. 6 the values of the roughness function obtained in the
numerical simulations of the turbulent ﬂows over the irregular
2D and 3D rough walls are plotted against the effective slope.
The results obtained by Napoli et al. (2008) and Schultz and Flack
(2009), considering 2D and 3D rough geometries, respectively, are
shown too. The point representative of the 3D irregular rough sur-
face exhibits a good agreement with the other points, showing
that, also for the irregular 3D roughness shapes, the effective slope
is one of the geometric parameters able to represent the effect of a
rough wall on the roughness function. In order to conﬁrm this re-
sult, further simulations will be carried out in future researches.
The analysis of the velocity defect, plotted in Fig. 7, shows that
the proﬁles obtained with the 2D and 3D rough surfaces are similar
one each other and to the smooth-wall condition in the most of the
outer layer, although in the range between 70 and 200 wall units
some differences can be observed (with values over the 2D and
3D rough surfaces about 10% lower than over the smooth wall).
In the near-wall region, on the other hand, the plot conﬁrms that
3D roughness produces a more pronounced velocity reduction as
compared to the 2D roughness. This result is in agreement with
the ﬁndings of several authors for both 2D and 3D rough walls
(Antonia and Krogstad, 2001, Ashraﬁan et al., 2004, Bhaganagar
et al., 2006, Lee et al., 2011) and represents the ﬁrst indicator of
the outer layer independence on the surface roughness. In order
to further investigate on this issue, the mean velocity proﬁles have
been then scaled with the outer layer length scales. As suggested
by Bakken et al. (2005), in a channel ﬂow the only length scale
for the coordinates in the outer layer is the channel half-height d.
On the other hand, different velocity scales have been proposed
in the literature. Zagarola and Smits (1998), and later several
authors, suggested that a reasonable candidate for the outer veloc-
ity scale is the centerline streamwise velocity hUcli, averaged in
time and over the channel mid-plane. The velocity defect, scaled
with the centerline velocity, is thus plotted against the distance
y/d in Fig. 8. The proﬁles obtained for the rough surfaces differ from
the smooth wall one not only in the wall proximity, but in most of
the outer region too. This result is not in contrast with the wall
similarity and was expected in light of the downward shift of the
mean velocity proﬁle as seen in Fig. 4. Moreover, it is consistent
with the ﬁndings of Brzek et al. (2007) in their experiments of tur-
bulent ﬂows over irregular three-dimensional rough surfaces and
with those of Akinlade et al. (2004), who concluded that usingFig. 6. DU+ in function of the effective slope ES: N, 2D roughness; j, 3D roughness;
D, (Napoli et al., 2008); , (De Marchis et al., 2010); , (Schultz and Flack, 2009).the centerline velocity as a scale does not allow the velocity pro-
ﬁles for smooth and rough walls to collapse.
3.2. Reynolds stress analysis
In order to obtain further insights on the irregular 2D and 3D
roughness effects, higher order statistics have been taken into ac-
count as well. Speciﬁcally, in this section an analysis is performed
of the root mean squares (rms) of the velocity ﬂuctuations, indi-
cated as ui,rms. The contribution of the sub-grid scale terms, mod-
eled with the Dynamic Mixed Model, is added to the resolvedFig. 9. Proﬁles of the streamwise component of the rms of the velocity ﬂuctuations:
-, smooth wall; -N-, 2D roughness; -j-, 3D roughness.
Fig. 11. Proﬁles of the wall-normal component of the rms of the velocity
ﬂuctuations: -, smooth wall; -N-, 2D roughness; -j-, 3D roughness.
ff @hU1 i
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direction u1,rms, normalized by the friction velocity, is plotted in in-
ner coordinates. The proﬁles obtained with 2D and 3D roughness,
coherently with the recent ﬁndings of De Marchis et al. (2010)
and Lee et al. (2011), almost collapse in the external region, while
showing large differences in the inner layer. The peaks of the turbu-
lent intensities, which are located close to the wall in the smooth
wall case, disappear for both 2D and 3D conﬁgurations, that exhibit
on the contrary almost ﬂat proﬁles. This behavior is more evident
for the 3D roughness than for the 2D one. Moreover, the deviation
from the smooth proﬁle for the 3D rough wall is clearly evident in
a slightly larger region than for the 2D roughness. Speciﬁcally, the
proﬁle of the streamwise component of the rms of the velocity ﬂuc-
tuations for the 3D rough case is constantly shifted downward of
about 5% with respect to the 2D case. This can be attributed to
the highest values of the maximum wall peaks in the 3D case, that
increase the interaction between the inner and outer layers.
The spanwise components of the rms of the velocity ﬂuctua-
tions u2,rms obtained over the smooth wall and the two rough sur-
faces show even larger differences. Speciﬁcally, the 2D roughness
produces an increase of the spanwise component in the near-wall
region, while at distances greater than 20 wall units only small dif-
ferences can be seen in the proﬁles. On the other hand, the 3D
rough wall causes an increase of the spanwise component u2,rms
in a thin layer of about 10 wall units and a slight reduction in
the region between 10 and 80 wall units, showing an almost ﬂat
proﬁle. In the external layer the proﬁles for the smooth wall, the
2D and the 3D roughness collapse (see Fig. 10).
The differences between the 2D and the 3D roughness are quite
lower when analyzing the wall-normal component u3,rms (Fig. 11).
In this case the deviation from the smooth-wall proﬁle is quite evi-
dent up to about 100 wall units, although again some small differ-
ences can be seen in the whole outer layer.
The results discussed so far show that 3D irregularities cause
higher deviations from the smooth wall than the ones observed
with 2D roughness. The reason for this behavior can be due to
the impingement of the ﬂow on the three-dimensional peaks of
the roughness, giving rise to a higher interaction between the
streamwise, spanwise and wall-normal components of the ﬂuctu-
ations. Moreover, three-dimensional roughness increases the ten-
dency toward isotropization with respect to two-dimensional
roughness (De Marchis et al., 2010).
In Fig. 12 the proﬁles of the Reynolds shear stresses hu01u03i are
plotted in viscous units for the two considered rough cases (where
u0i is the total turbulent ﬂuctuation). In the ﬁgure the viscous stress
m @hU1i
@x3
and the pressure stressDP are plotted too for both the 2D and
3D roughness. Moreover, in order to obtain the expected steady-
state linear pattern, the contribution of the dispersive stress (Finn-Fig. 10. Proﬁles of the spanwise component of the rms of the velocity ﬂuctuations:
-, smooth wall; -N-, 2D roughness; -j-, 3D roughness.
Fig. 12. -j-, dispersive stress: hu1 u3 i; --, viscous stress: m @x3 ; -N-, turbulent
stress: hu01u03i; --, total shear stress, obtained as the sum hfu1fu3 i þ m @hU1i@x3 þ hu01u03i; -
; -⁄-, pressure stress: DP; the straight line is the sum of the total shear stress and
DP. Top: 2D roughness; bottom: 3D roughness. All the values are made non-
dimensional with the squared friction velocity u2 .igan, 2000; Coceal et al., 2006), obtained as hfu1fu3i, witheui ¼ huiit  huii, must be added. These terms, accounting for the
non-homogeneity in the streamwise and spanwise directions, are
very different in the 2D and 3D cases. The dispersive stress contri-
bution, in fact, in the 2D case is limited to the region up to about 80
wall units, while in the 3D case is non-negligible for the whole
channel height, thus indicating that some non-homogeneity exists
in the x1x2-planes even in the outer region due to the 3D rough-
ness. Moreover, the dispersive stress is negative in the 2D rough
wall, while its sign is positive in the 3D case.
The straight line obtained by summing up the contributions of
the viscous, turbulent and dispersive terms to the pressure force
ensures that the statistical steady-state is achieved in the numeri-
Fig. 14. Anisotropy Invariant Map: Bold solid-line, smooth wall; -N-, 2D roughness;
-j-, 3D roughness. g = bijbji and n = bijbjkbki are the second and third invariants of the
Reynolds stress anisotropy tensor.
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statistics (equal to 40 non-dimensional time units tu⁄/d for the
2D roughness and to 80 tu⁄/d for the 3D roughness) is sufﬁcient
to analyse the turbulent ﬂow.
As suggested by several authors (see, among others, Antonia
and Krogstad (2001); Leonardi et al. (2006); De Marchis et al.
(2010)), the ratio between the Reynolds stresses is a suitable indi-
cator to check the turbulence isotropy. It is well known, in fact, that
the roughness induces a tendency towards turbulence isotropy
close to the walls. To this aim, the symmetric and traceless Rey-
nolds stress anisotropy tensor can be used, deﬁned as:
bij ¼
hu0iu0ji
q2
 1
3
dij ð11Þ
where q2 ¼ hu0ku0ki is twice the mean turbulent kinetic energy and dij
is the Kronecker function. The tensor bij is bounded by the values
1/3 and 2/3 and reaches the null value for isotropic turbulence.
The components b11,b22,b33 and b13 are plotted in Fig. 13, that
clearly shows large differences between smooth and rough walls
in the near-wall region. Nevertheless, coherently with the observa-
tion of the rms of the velocity ﬂuctuations, in the outer layer too
some deviations (in the order of about 10%) can be seen with re-
spect to the smooth-wall case. The plots conﬁrm that 3D roughness
is more effective than the 2D one in reducing the turbulence anisot-
ropy. The deviations of the bii terms from the smooth wall case, in
fact, are larger for the 3D roughness both in the inner and external
regions, leading to nearly ﬂat proﬁles. A similar ﬁnding was
achieved by Antonia and Krogstad (2001) in their comparison of
rod and wire-mesh rough surfaces.
The larger tendency toward isotropy induced by the 3D rough-
ness is more clearly evident in Fig. 14, where the triangle of the
Anisotropy Invariant Map (AIM) (Lumley, 1978; Smalley et al.,
2002) is shown. In the ﬁgure the comparison between the AIMs ob-
tained with the smooth wall, the 2D and 3D rough surfaces is
shown. Coherently with the DNS data of Kim et al. (1987), at the dis-
tance y+ = 7 from the ﬂat plane the smooth-wall map approaches
the right vertex of the triangle, which is representative of one-com-
ponent state of turbulence. At larger distances from the wall the
proﬁle moves parallel to the right boundary of the triangle, charac-
teristic of a rod-like (or cigar-shaped, Choi and Lumley (2001)) tur-Fig. 13. Proﬁles of the components of the Reynolds stresses anisotropy tensor:
Solid-line, smooth wall; -N-, 2D roughness; -j-, 3D roughness. In order to improve
the clarity, b11 terms are drawn in black, b22 in red, b33 in blue and b13 in yellow.
(For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of this article.)bulent state having one diagonal component much greater than the
others. By moving further away from the wall, the proﬁle is shifted
toward the right line, in a step-like manner. Fig. 14 clearly high-
lights the drastic differences between the characteristics of the tur-
bulence over smooth and rough surfaces, especially near the walls.
Speciﬁcally, it can be observed that close to the wall the 3D rough-
ness increases the tendency toward isotropy, identiﬁed by the map
bottom cusp, with respect to the 2D roughness. Moreover, moving
toward the center of the domain, themap obtainedwith the consid-
ered 2D roughness shows a behavior similar to the smoothwall one,
with a step-like shift toward the rod-like line. On the other hand,
when the three-dimensional roughness is considered, the step-like
shift disappears. This result shows some similarity with the obser-
vation of Smalley et al. (2002), who noticed that, in turbulent ﬂows
over walls roughened with regularly arranged two-dimensional
bars, a shift similar to the smooth case is identiﬁed, which is not
present over 3D rough surfaces given by wire meshes or perforated
plates. Finally, close to the centerline of the channel, a tendency to
isotropy is clearly seen irrespective of the wall geometries, thus
conﬁrming that also for three-dimensional irregular rough geome-
tries the wall similarity is achieved.4. Summary and concluding remarks
Large Eddy Simulations of fully developed turbulent channel
ﬂows have been carried out to analyse the main differences be-
tween two- and three-dimensional irregular roughness. The rough-
ness was obtained through the superimposition on the ﬂat walls of
random amplitude sinusoidal functions applied in the streamwise
and spanwise directions (3D case) and in the streamwise direction
only (2D case). The two irregular surfaces were built in such a way
as to obtain the same mean roughness height rþ  20. Both the
upper and the lower walls were roughened and the simulations
were performed at the same relatively low friction Reynolds num-
ber Res = 395.
An analysis of the ﬁrst- and second-order statistics was per-
formed to compare the smooth-wall and the two rough-wall
behaviors, taking into account the recent ﬁndings on the turbulent
ﬂows over regular rough surfaces.
The analysis of the mean velocity proﬁles showed that the
roughness function obtained with the 3D roughness is about 20%
higher than in the 2D roughness case, although the two surfaces
share the same mean roughness height. Thus the effect of three-
dimensional irregularities is higher than that of two-dimensional
roughness and the mean amplitude of the roughness height cannot
be considered a suitable parameter fully representative of the
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cal parameters such as the equivalent sand grain roughness ks or the
effective slope ES seem to be more effective in representing the
roughness effects on the velocity proﬁle and on the related rough-
ness function. The higher value of the roughness function achieved
in the 3D conﬁguration with respect to the 2D one, in fact, is coher-
ent with the higher value of the effective slope, with results in very
good agreement with the curveDU+ vs ES built with the data of Na-
poli et al. (2008) and Schultz and Flack (2009). The velocity defect
plot showed that the considered irregular roughness, while pro-
ducing drastic deviations from the smooth-wall behavior in the
near-wall region, causes only little differences in the outer layer,
thus giving support to the Townends wall similarity hypothesis.
The analysis of the rms’s of the velocity ﬂuctuations, as well as of
the shear stresses, too, showed that the largest deviations from
the smooth-wall conditions, both for the 2D and the 3D roughness,
are conﬁned to the region close to the wall. Nevertheless, the
streamwise and wall-normal components of the turbulence inten-
sity clearly show that, for the rough geometries here considered,
some effects of the wall roughness can be observed in the outer
layer too, where a reduction of about 10% with respect to the
smooth wall is obtained.
The rms’s of the velocity ﬂuctuations, as well as the shear stres-
ses, in fact, show that the deviations from the smooth wall condi-
tions, both for the 2D and the 3D roughness, are conﬁned in a
region close to the wall and that in the external region an overlap
of all the proﬁles is obtained. Coherently with the results of the
analysis of the ﬁrst-order statistics, the observation of the turbu-
lence intensity conﬁrmed that the 3D roughness induces higher ef-
fects than the 2D one. The tendency toward isotropy due to the
roughness is enhanced too by 3D irregularities, as demonstrated
by the Anisotropy Invariant Map obtained with the results of our
simulations.
In conclusion, the present analysis pointed out that the consid-
ered 3D irregular rough surface produces higher effects on the tur-
bulent ﬂow than those observed over the 2D irregular roughness.
Moreover, due to the speciﬁc random nature of the considered
roughness, only geometric parameters able to take into account
the shape, the distribution and the height of the irregularities
can be considered representative of the speciﬁc wall conﬁguration.
This is typical of the ‘‘waviness regime’’, occurring for ES < 	 0.35
as suggested by Schultz and Flack (2009), where the roughness
function does not scale with the roughness Reynolds number,
while the opposite occurs in the ‘‘roughness regime’’ (where the
form drag on the roughness elements is much larger than the fric-
tional drag).
The results obtained with the numerical simulations of the tur-
bulent ﬂows over irregular roughness share some features with
most of the literature ﬁndings obtained over rough wall arranged
in a regular patterns. Further efforts are needed to investigate on
the speciﬁc differences between three-dimensional regular and
irregular roughness. Ongoing numerical experiments attempt to
address this challenge.
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